1. In the Princeton Colloquium Lectures,' we discussed the motion of a particle in the plane under the action of any positional field of force. The general equations of motion are2 x = +(x, y), y = {(x,py), (1) where (q, At') are the rectangular components of the force acting at any point (x, y).
The total number of trajectories, for all initial conditions, is c o. The differential equation of third order representing this system of trajectories (found by eliminating the time t from (1)) is ('P -y'4)y"' = ['px + (/y -X)yl-)yy2]yf -3)yt12. (2) This is not an arbitrary differential equation of the third order. We have given a completely characteristic set of five geometric properties of the dynamical trajectories in the Princeton Colloquium. The dynamical trajectories are projectively invariant, and recently Terracini has transformed each of the five properties into purely projective language.3 2. In the subsequent discussion, we shall need only three of the characteristic sets of five geometric properties. These may be stated in the following manner.
Property I. If for each of the co trajectories passing through a given point in a given direction we construct the osculating parabola at the given point, the locus of the foci of these parabolas is a circle passing through that point.
The most general systems of X I curves possessing the Property I are given by differential equations of the forms4 (G): y"' = G(x, y, y')y' + H(x, y, y')y2.(
Property II. The circle that corresponds according to the Property I, to a lineal element, is so situated that the element bisects the angle between the tangent to the circle and a certain direction fixed for the given point (the direction of the force acting at the given point).
The most general systems with the properties I and II are defined by differential equations of the forms (G1): (Y -CO)y"' = (y' -w)Gy' + 3y"2, (4) where G is any function of (x, y, y'), and w is any function of (x, y). The type (G1,) thus involves one arbitrary function of three arguments and one arbitrary function of two arguments.
Property III. In each direction at a given point there is one trajectory which has four-point contact with its circle of curvature: the locus of the centers of the coa hyperosculating circles constructed at the given point is a conic passing through that point in the fixed direction described in Property II.
Thus the most general systems of co curves possessing the properties I, II and III, are defined by differential equations of the forms (GI,,): (y' -w)y"' = (Xy'2 + Ay' + V)y' + 3y'2, (5) involvingfour arbitrary functions (cO, X, ,A, v) each of two arguments (x, y).
If we impose the two additional geometric properties IV and V, we shall find that the type (GI,,) will finally define the dynamical trajectories of a positional field of force. However, we shall not write the two properties IV and V as they are not necessary for our purpose in this paper. 3. We consider the motion of a particle moving in the plane under a positional field of force and influenced by a resisting medium, the resistance acting in the direction of the motion and varying as some function of the speed v. In ballistics, the resistance R is usually taken as an empirical function consisting of various powers of the speed v for different intervals of time. In our work, we shall determine the form of the resistance R in order that the trajectories in the resisting medium shall possess some of the properties possessed by those in the case of no resistance.
Let the resistance R be defined by the equation
The equations of motion will then. be of the form
(7) Upon eliminating the time t from these equations, we find that the differential equation of the trajectories is (t-y -)y"I)I"I = [OX + (4,V -r)y'-4,y'2]yf -34y'2 -2fy"$F'(#-y'1 (8) where the argument v of f is to be expressed in terms of (x, y, y', y") by means of =2 1 (1 + y'2)(# -y'4) (9) 4. We wish now to obtain a fundamental intrinsic representation of the system of m 3 trajectories in a positional field of force influenced by a resisting medium, the resistance R acting in the direction of the motion and varying as some function of the speed v. Upon decomposing the acting force into components N, normal, and T, tangential to the path, we find that the equations of motion (7) 
where v denotes the speed, s the arc length and r the radius of curvature. By differentiating the first of these equations with respect to s, and comparing with the second equation, we can eliminate v, obtaining d
a relation which defines the trajectories and is equivalent to (8).
To reduce this to a more explicit form, we introduce an auxiliary vector, completely determined by the given field of force, namely the space derivative of the force (considered of course as a vector). The (14) These formulae are sufficient for the discussion of the trajectories. By means of (14) we can reduce (11) to the form Nr8= -r9 + 3T + 2R. VOL. 29, 1943 265 (15) This is thefundamental intrinsic representation of the system of o I trajectories connected with a given field of force influenced by a resisting medium, the resistance R acting in the direction of the motion and varying as some function of the speed v.
From the preceding result, we may obtain the following theorem.5 If a particle starts from rest, the initial radius of curvature of the trajectory is to the radius of curvature of the line offorce passing through the initial point as (3T + 2R) is to T. In most instances, R vanishes (when v = 0) so that this ratio of the corresponding radii of curvature is 3: 1.
5. Consider now the X I trajectories starting from a given lineal element (x, y, y'). The focal locus, that is, the locus of the foci of the osculating parabolas, varies in shape with the function f, that is, with the law of resistance. This focal locus (X, Y) may be given parametrically by the complex equation 3(1 +y(' y'4)) = (1 + iy')[4' + (+X-x)y -
2[(X + iY) -(x +iy)]
-3(4) + i4)yf -2fy11/2(1 + iy') (4I -yO))l/2. (16) We know that, if there is no resistance, Property I is valid, that is, the focal locus is a circle passing through the given point. Are there any resisting media for which this property is preserved? By comparing (8) with (3), it follows that the last term of (8) must be of the form ay" + by", where a and b are functions of (x, y, y') only. Hence it follows that f must be of the form Av + B/v, where A and B are constants. By (6), it follows that R = Av2 + B.
The only appropriate media for which the Property I is valid are those for which the resistance R is of theform Av2 + B, where A and B are constants.
This result could have been obtained also from the equation (15) by imposing the condition that r, be linear integral in r. This will be the case if and only if R = Av2 + B. Now if the resistance R is Av2 + B, the last term of (18) 
For such media, Property II will not usually be fulfilled. By comparing (8) together with (17) with equation (4), we see that the Property II will be fulfilled if and only if B = 0.
The only mrredium preserving the properties I and II is that in which the resistance varies as the square of the speed. This is the particular law studied by Newton in the Principia. If we impose the Property III, both A and B must vanish, that is, the resistance vanishes and the force is purely positional. 
By (16), the focal locus in this case is given parametrically by the single complex equation
Therefore the focal locus is a curve whose inverse with respect to the given point is of the form
where (a, b, c) are special functions of (x, y, y') only. The focal locus is a straight line (as in the case of no resistance) when m is 1 or 2, that is, when n is 2 or 0.
The curve is a conic when m is 3, 0 or 3/2, that is, when n has one of the values -2 or 4 or 1. When n = -2 the conic is a parabola with its axis parallel to the given element. When n = 4 it is a hyperbola, asymptotic to the line of the given initial element. When n = 1 it is a parabola touching the initial line (not at the given point).
7. Corresponding results may be obtained in ordinary space.
The only laws for which the spatial properties I and II (see the Princeton Colloquinm) are valid are those included in R = Av2 + B. If the spatial Property III is also preserved, the resistance must vanish. Property I is valid obviously for any medium.
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Consider the motion of a particle of unit mass in space under the action of any positional field of force. The general equations of motion are d2x = +(x, Y, Z), d2y _ 1*2 y, x), d2z (1) where (;, y6, x) are the rectangular components of the force acting at any point (x, y, z).
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